We report on experiments using compact coplanar waveguide devices, incorporating thin-film superconducting YBa 2 Cu 3 O 7 electrodes. The substrate is strontium titanate, whose nonlinear dielectric properties are dependent on temperature and applied electric field. Close to zero dc bias, the frequency-doubled microwave power output increases by several orders of magnitude with modest broadband noise input. Nonlinear dielectrics such as strontium titanate ͑STO͒ exhibit exceptionally strong and tunable nonlinearities.
We report on experiments using compact coplanar waveguide devices, incorporating thin-film superconducting YBa 2 Cu 3 O 7 electrodes. The substrate is strontium titanate, whose nonlinear dielectric properties are dependent on temperature and applied electric field. Close to zero dc bias, the frequency-doubled microwave power output increases by several orders of magnitude with modest broadband noise input. Nonlinear dielectrics such as strontium titanate ͑STO͒ exhibit exceptionally strong and tunable nonlinearities. [1] [2] [3] The experimental part of the work reported here was carried out using 1 cmϫ1 cm devices consisting of 0.4-m-thick superconducting YBa 2 Cu 3 O 7 ͑YBCO͒ electrodes on 0.5-mmthick single-crystal STO substrates. 4 Two parallel meandering gaps ͑width 15 m͒, patterned into the superconducting thin film, produce a coplanar waveguide with one centerline ͑length lӍ8 cm and width 20 m͒ and two groundplanes ͑see Fig. 1͒ . The superconducting material YBCO ͑transition temperature T c Ӎ85 K͒ is used so that the losses along the line are acceptably low at microwave frequencies and liquid nitrogen temperatures. Bias voltages are applied between the centerline and the ground planes. The dielectric constant of the STO substrate, and consequently, the propagation velocity of microwaves along the waveguide, depend nonlinearly on the bias voltage ͑of order 0-10 V͒ and the operating temperature ͑20-60 K͒.
A manifestation of the nonlinearity of devices incorporating the nonlinear dielectric STO is the ''two-wave'' process, where two input microwave signals are combined to produce outputs at the sum and difference of the frequencies. 4 -6 In this letter, we also examine the production of a frequency-doubled output from the input of a singlesinusoidal frequency. We have found, by operating close to zero-bias voltage, that the output of both of these processes is significantly enhanced by the addition of noise to the input.
The theoretical part of this work uses the nonlinear wave equation for the current i(x,t) and voltage v(x,t)
The inductance L is constant. The capacitance, however, is a function of the voltage; C(v) in Eq. ͑1͒ is the differential capacitance per unit length. 5 The partial differential equations are solved in three regions: Region I ͑input circuitry, xϽ0͒, Region II ͑device, 0рxрl͒, and Region III ͑output circuitry, xϾᐉ͒ ͑see Analysis of Eq. ͑1͒, expanding the solution in powers of Aϭv b /v*, where v b is the bias voltage, enables us to obtain the following prediction for P(2 f ), the output power at 2 f produced from an input at frequency f: P͑2 f ͒ϭ
Thus the frequency-doubled output is proportional to the square of P( f ), the transmitted power at frequency f, and to the square of the frequency itself. For our purposes, the most interesting feature of Eq. ͑2͒ is the factor CЈ(v b ) 2 ; the frequency-doubled output is proportional to the square of the slope of the differential capacitance curve at the operating bias voltage.
Our devices have low characteristic impedance ͑between 2 and 10 ⍀͒. When coupled to 50 ⍀ input/output circuitry, they function as strongly coupled resonators exhibiting a nonlinear response due to the dielectric STO. ͑Nonlinear effects can also be found in the YBCO, but only at higher current densities than those used in our experiments.͒ Figure  2 illustrates the production of a frequency-doubled output by the nonlinearity of the device. It shows the output power spectrum for an input consisting of noise plus a sinusoidal signal at f ϭ182 MHz. The input noise, with a flat spectrum below 250 MHz, produces an output showing peaks every 36 MHz, corresponding to half-wavelength resonances in the device. From the spacing between the resonant frequencies and calculation of inductance, we deduce C m (v). Measurement with a low-frequency capacitance meter further confirms this high-frequency result. This differential capacitance depends strongly on temperature and bias voltage, but appears to be independent of frequency up to at least 1 GHz. The decreasing heights of the resonant peaks in Fig. 2 indicate dielectric losses in the device that are an increasing function of frequency. Equation ͑2͒, by not taking these losses into account, overestimates the frequency-doubled power. We are therefore able to use the formula for relative effects but not for absolute values.
In 
In Fig. 3 , we compare experimental results for the frequency-doubled power P(2 f ) with the prediction of Eq. ͑2͒. The quadratic behavior is clear.
In the low bias region, we found a striking effect: the addition of broadband noise greatly increases P(2 f ). The effect is most pronounced at zero-effective bias, where the P(2 f ) without noise is minimized. The spectra in Fig. 4 illustrate the effect. Band-limited noise with average Ϫ25 dBm/MHz noise power between 1 and 250 MHz at the input produces a three-order-of-magnitude increase of frequencydoubled mixed power.
The output spectra shown in Fig. 4 are from an experiment where, in addition to the primary signal at f 1 ϭ182 MHz, a sinusoidal signal at f 3 ϭ300 Hz is input. The resulting peaks in the output spectrum at 2 f 1 -f 3 , produced by ''three-wave mixing,'' are much less sensitive to noise Output power spectra at zero-effective bias voltage, for two noise levels. We show the region close to the frequency 2 f 1 . The input contains sinusoidal signals at f 1 ϭ182 MHz and f 3 ϭ300 Hz plus noise. Signals due to frequency-doubled and frequency-tripled power can be seen at 2 f 1 and at 2 f 1 Ϯ f 3 . The former is very sensitive to input noise power. and to bias voltage near zero-effective bias. The fact that the amplitudes are similar in each case is consistent with our theory; this further confirms that the observed effects are not due to any significant change in the resonance condition during the experiment.
A further check on the noise-induced increase in frequency-doubled power was provided by numerical solutions of the nonlinear wave equation, Eq. ͑1͒. In the numerical work, the values of the capacitances and inductances, length of the waveguide, input frequencies, and amplitudes are determined from experimental data. There was good agreement between the numerical results for the amplitude and bias dependence of mixed power products and the analytical prediction provided by Eq. ͑2͒. When input noise ͑white or band limited͒ is included in the numerical scheme, we obtain good agreement between the experimental and numerical results for the noise-induced increase in the frequency-doubled mixed power. Figure 5 presents a summary of the comparison between numerics and experiment and illustrates their agreement. Figure 5 shows the output power at f 2 Ϫ f 1 ϭ36 MHz, produced when the input contains signals at f 1 ϭ182 MHz and f 2 ϭ218 MHz, as a function of noise power. The noise input was band limited and flat between 150 and 250 MHz. This two-wave process is convenient for quantitative studies because the output mixed signal is at a low frequency, where losses are small. In Fig.  5͑a͒ , results at zero-effective bias suggest the mixed signal power increased linearly with total input noise power. On the same graph, we show numerical results which yield the same linear scaling of mixed signal power with input noise power. In Fig. 5͑b͒ , we show results of a similar set of runs carried out with effective bias voltage v b eff ϭ25 mV, where the mixed power is insensitive to noise power.
Our experiments and numerical simulations show that frequency-doubled output increases with input noise. In a wider context, there exist examples of physical and biological systems where noise has been shown to improve signal detectability. [9] [10] [11] [12] Our system differs from these examples in that the output which is sensitive to noise and nonlinearity is at twice the input frequency, or at the sum and difference of two input frequencies, rather than at the input frequency itself. Nor does our system exhibit threshold behavior, where a spike output is produced when the output exceeds a certain level. [11] [12] [13] However, in the numerical experiments shown in Fig. 5 , we are able to measure the signal-to-noise ratio at the output. The output noise level in the region ͑near 36 MHz͒ of the mixed signal is shown as the lower curve in Fig. 5͑a͒ and Fig. 5͑b͒ . The case of nonzero bias ͓Fig. 5͑b͔͒ is the classical case where the output signal is unaffected by noise and the output noise is proportional to the input noise, resulting in a degradation of the signal-to-noise ratio with increasing noise power. In the case shown in Fig. 5͑a͒ , the output mixed power increases linearly with increasing noise power. However the output noise in the region of the mixed signal increases quadratically with the input noise power. Thus, despite the striking increase of the mixed power with input noise, the classical degradation of signal-to-noise ratio is preserved. 
